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Abstract

The quasistatic response of a radially uniaxial sphere is revisited. Allowing the permittivity
components to be negative enables exciting singularities and effective losses from infinitesi-
mally small losses in the material. Invisibility in the form of zero polarizability is also con-
sidered.

1 Introduction

The electromagnetic response of small spherical particles can be surprisingly complex and fasci-
nating (see e.g. the excellent book by Bohren and Huffman [1]). The response can be really exotic
even in the quasistatic limit if we allow the material parameters to be negative, and even more
complicated or anomalous effects emerge if we allow the material to be anisotropic.

In this presentation, we assume that the anisotropic permittivity is radially uniaxial (RU), with
the permittivity dyadic

ε/ε0 = ur urεrad+
(
uθuθ +uϕuϕ

)
εtan, (1)

and only consider the electrostatic response. RU spheres and more general systropic spheres have
been considered in several papers including [2–5]. Here we continue the work by considering RU
spheres with both positive and negative permittivity components εrad,εtan. Especially the indefinite
case when εrad and εtan have opposite signs needs special attention.

2 Quasistatic Solution

Consider a sphere with radius a in free space. The sphere is centered at the origin, its permittivity
is given by (1) and the external field is Eext = uzU0/a. It is a straightforward and fairly easy
exercise to derive the total field E(r,θ)=−∇φ(r,θ), where

φ(r,θ)=





A
( r

a

)ν cosθ, r ≤ a,

U0
α

3

( r
a

)−2
cosθ −U0

r
a

cosθ, r > a,
(2)

where the exponent ν is

ν = 1
2

(
−1+√1+8εtan/εrad

)
, (3)

and the amplitudes of the scattered and internal potential are given by

α = 3
εeff−1
εeff+2

, A = −3U0

εeff+2
, εeff = εradν. (4)
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Fig. 1: The exponent ν and the normalized polarizability α in the εradεtan-plane. The potential at
the center of the RU sphere is regular if εtan and εrad has the same sign, while the shaded regions in
(a) are more problematic. The normalized polarizability is −3/2 when εrad,εtan→ 0 and 3 when
εrad,εtan→∞. The interesting cases α = 0 and α→∞ are also plotted in (b). The thick dashed
line is εtan =−εrad/8 in both (a) and (b).

The amplitude parameter α is the normalized polarizability of the sphere, while εeff is the effective
permittivity of the RU sphere, since a homogeneous isotropic sphere with permittivity εeff would
give exactly the same external potential (r > a).

The positive square root in (3) should be selected if the result is real. Otherwise, the branch
giving passive results is the appropriate choice.

3 Singularity at the Origin

The potential solution (2) is smooth and finite if the exponent ν is non-negative. This is the case if
both permittivity components εrad and εtan have the same sign, and also if εtan = 0. The indefinite
case where εrad and εtan have opposite signs is, however, more problematic. The exponent (3) is
real and negative if −1/8 ≤ εtan/εrad < 0, while the exponent is complex if εtan/εrad < −1/8, as
visualized in Fig. 1a. In both indefinite cases the energy density is too singular at the center of the
sphere, and so the solution seems invalid unless the singular center point is removed.

Since the potential must be zero at the origin due to symmetry, it seems most appropriate to
puncture the RU sphere using a grounded perfectly conducting (PEC) core with radius b� a. The
limit b/a→ 0 is then well defined if εtan/εrad >−1/8. For the complex regions εtan/εrad <−1/8
in Fig. 1, we need to add small losses to either εrad or εtan before taking the limit b/a→ 0.

The somewhat unexpected result of the analysis is that the solution (2)–(4) is correct for a
punctured RU sphere with vanishing PEC core. Infinitesimally small but nonzero losses in either
εrad and εtan are needed, but otherwise any real εrad and εtan are allowed.

4 Enhanced Losses

The parameter regions where real εrad and εtan give complex α in Fig. 1b might be useful in
cases when high absorption is needed. Losses cannot just emerge from lossless materials, but the
possibility to get significant absorption from infinitesimally small losses in the material is certainly
exciting. This might turn out to be impractical due to the high energy concentration in the center
of the sphere, but this could also open possibilities for other application where highly localized
fields are wanted.
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5 Extreme Visibility and Invisibility

The normalized polarizability α is infinite when

εtan = 2− εrad

εrad
, εrad < 0, εrad > 4. (5)

This is a generalization of the well known plasmonic resonance of a sphere with permittivity
εrad = εtan ≈−2, and the scattering can be large even if realistic losses are taken into account.

The RU sphere is invisible in the quasistatic limit when the polarizability is zero. This happens
when

εtan = εrad+1
2εrad

, εrad <−2, εrad > 0. (6)

Choosing small εrad > 0 and large εtan seems to be the most promising choice for designing an
approximative (quasistatic) cloak. The locations where α→∞ and α = 0 are also plotted in
Fig. 1b.

6 Conclusions

The electrostatic solution involving a radially uniaxial (RU) sphere in a uniform electric field is
straightforward, but seems anomalous if the permittivity is indefinite. Puncturing the sphere and
assuming small losses shows that the solution (2)–(4) is valid in a certain limiting sense. Highly
enhanced losses or invisibility seem to be the most exciting possibilities for the RU sphere.
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