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Abstract

In this paper we present results of our theoretical studies of electromagnetic waves in periodic
arrays of metallic carbon nanotubes (CNTs). We demonstrate that CNT arrays exhibit prop-
erties of hyperbolic media. Finite-thickness slabs of CNTs support propagation of backward
waves and can be used as optically thin perfect absorbers.

1 Introduction

Interest to electromagnetic properties of carbon nanotubes is caused by their potential applications
in nanoelectronics [1], nanoantennas [2], devices for THz sensing and imaging [3], and absorbers
[4, 5]. Carbon nanotubes (CNTs), possessing metallic properties, are of special interest for na-
noelectronics due to their high conductivity at THz frequencies compared to metal nanowires [2].
One of the most important electromagnetic properties of metallic CNTs is a capability to support
propagation of strongly delayed surface waves [6]. For description of electromagnetic properties
of metallic CNTs the model of impedance cylinder and effective boundary conditions is used very
often [6]. The model of impedance cylinders takes into account quantum properties of CNTs via
the complex frequency-dependent surface conductivity.

2 Numerical and effective medium models of carbon nanotube arrays

We consider eigenwaves in two-dimensional volumetric array of infinitely long metallic zigzag
CNTs, having the radius R and forming a hexagonal or a square lattice with the lattice constant
d, see Fig. 1. The space-time dependence of fields and currents is taken to be exp[ j(ωt − kzz−
k⊥r⊥)], where k⊥ is the wave vector of Floquet-Bloch waves propagating in the plane of period-
icity r⊥ (the z-axis is directed along carbon nanotubes). In both numerical and effective medium
approaches we use an impedance cylinder model of an individual CNT. For frequencies below the
optical transition band the following simple expression for the axial surface conductivity can be
used [6]:

σzz ∼=− j
2e2Γ0√

3qπ h̄2(ω − jν)
, m = 3q, (1)

where e is the electron charge, Γ0 = 2.7 eV is the overlapping integral, τ = 1/ν is the relaxation
time, and q is an integer. The parameter ν is responsible for losses. It follows from (1) that the
impedance of one CNT per unit length reads

zi =
1

2πrσ
=

q
√

3h̄ν
4e2Γ0R

+ jω
q
√

3h̄
4e2Γ0R

. (2)

In our numerical model (see [8]) we use the integral representation of the electric field induced
by currents on the surface of CNT. Finally, we come to the dispersion equation which is solved
numerically.
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Fig. 1: Geometry of the CNT array.
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Fig. 2: Left: Real part of the slow-wave factor Re(kz/k), calculated for different lattice constants
d. Right: Isofrequencies in plane of wave vectors. The lattice constant d = 15 nm. Arrows show
directions of the phase velocity vp and the group velocity vg.

In the framework of the effective medium model CNT arrays can be considered as uniaxial
materials. with the axial component of the permittivity tensor [9, 10]

εzz
ε0

= 1− k2
p

k2− jξ k , k2
p =

µ0
d2Lcnt

, (3)

where ε0 is the permittivity of vacuum, k is the wavenumber in free space, kp is the effective
plasma wavenumber, Lcnt is the effective inductance of CNTs per unit length, and the parameter ξ
is responsible for losses. For waves, propagating along CNTs, the effective medium model gives
a very simple expression for the z-component of the wave vector [10] (in lossless case):

k2
z =

k2(k2 − k2
⊥− k2

p)

k2 − k2
p

. (4)

3 Hyperbolic dispersion

Obviously, relation (4) describes a typical hyperbolic dispersion. Dispersion diagram in form of
the slow-wave factor (the ratio of the speed of light in vacuum to the phase velocity) over the
transversal wave vector plane is shown in Fig. 2. A zigzag CNT with radius R ≈ 0.822 nm is taken
as an example. Calculations were implemented at 27 THz. The slow-wave factor for the surface
wave in a single CNT with such a radius equals to 70 [7] and it is shown by the dashed line. It is
remarkable, that the slow-wave factor strongly depends on the transversal wavenumber. Namely,
at the Γ-point (|k⊥|= 0) kz/k = 1, but for larger |k⊥| the slow-wave factor can strongly exceed this
value for a single CNT. Reduction of the lattice period causes an increase of the electromagnetic
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Fig. 3: Frequency as a function of the normalized wavenumbers in the transverse plane kxd/π ,
kyd/π . d = 15 nm, and h = 1.5 µm.

interaction between nanotubes which results in an increase of the slow-wave factor kz/k (see [11]).
The most remarkable property of hyperbolic media is the capability to support propagating waves
with any transversal component of the wave vector. In contrast to other known hyperbolic media,
arrays of metallic CNT exhibit this property in an ultra-broad frequency range, see Fig. 2.

4 Backward waves in a finite-thickness slab

Using the effective medium model it is possible to show analytically that a finite-thickness slab of
vertically standing carbon nanotubes supports propagation of backward waves [10]. Fig. 3 illus-
trates the dispersion properties of three lowest modes, propagating in a CNT slab placed between
PEC and PMC planes. There are three embedded hyperbolic surfaces. The top and bottom parts
of these surfaces are cut. One can see that backward waves propagate in the slab in a very wide
frequency range. Their properties are quite isotropic in the xy plane due to a very small period of
the CNT array lattice.

5 Absorption in a finite-thickness slab of tilted carbon nanotubes

Hyperbolic media exhibit new properties if the optical axis is tilted with respect to interfaces
of HM. They are caused by asymmetry which appears as a difference in normal components of
wave vectors for waves propagating upward and downward with respect to interfaces and this
difference can be extremely large if the permittivity tensor components have equal absolute values
and different signs. It was shown in [5], that such a hyperbolic metamaterial can be made of arrays
of tilted metallic carbon nanotubes. Two important features are inherent in such media. First
it is a very large normal component of the wave vector inside HM that provides the total wave
absorption in an optically thin layer. The second is the perfect matching at slab interfaces which
can be achieved if both the tilt angle and the incidence angle are close to 45◦. Schematic view of
the CNT absorbing layer and illustration of the total absorption in the mid-infrared range is shown
in Fig. 4.

6 Concluding remarks

In conclusion, we have revealed highly nontrivial properties of arrays of metallic carbon nan-
otubes, which are caused by the hyperbolic dispersion of the TM-polarized waves in CNT arrays.
We have shown that the slow-wave factor of eigenwaves in parallel carbon metallic nanotubes
strongly depends on the transversal wave vector, it varies from unit to more than two hundreds and
may considerably exceed this value for the single nanotube. Slabs of vertically standing CNTs
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Fig. 4: Left: Shematic view. Right: Absorption versus frequency, calculated for different thick-
nesses of the slab. The incidence angle is 45◦, the tilt angle is 45◦, λ0 is the wavelength in free
space corresponding to the center of the absorption band.

can support propagation of backward waves and slabs of tilted CNTs can be used as optically thin
perfect absorbers.
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