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Abstract

The systropic sphere is a newly introduced concept in the electromagnetics literature. It ex-
tends the more familiar notion of the radially uniaxial sphere. The anisotropy axes of both
spheres are defined by the spherical coordinates. But the concept of the systropic sphere is
more general than that of the RU-sphere. In electrostatics,the RU-sphere has two indepen-
dent material parameter components while the systropic sphere has three. This contribution
explains the characteristics of systropic spheres. It shows the relation of systropic spheres to
the more established concepts in electromagnetics.

1 Introduction

The theoretical study of spherical shape offers insights into electromagnetics for a variety of rea-
sons. The foremost reason has to do with applications. Spherical shapemanifests itself in a multi-
tude of natural objects providing plenty of opportunities to validate and applythe theory through
practical experiments. For example, clouds covering the sky in a calm summerday contain small
water droplets that take an approximately spherical shape.

It is easy to analyze water droplets because they are homogeneous and isotropic. There are,
however, spherical objects that pose a greater challenge. We could consider onion-like objects,
consisting of tightly packed spherical layers. Such an object exemplifies the concept of radially
uniaxial (RU) sphere [1]. The RU-sphere is not in general homogeneous or isotropic. In the
material inside the sphere, there are two directions with specific properties.One is the tangential
direction along the surface of each spherical layer in the onion-like structure. The other is the
radial direction extending outwards from the kernel of the onion. The mathematical expression for
the material parameters in such a structure is

¯̄ε = εrurur + εt(
¯̄I −urur) (1)

whereεr is the relative permittivity in the radial direction,εt is the relative permittivity in the
tangential direction, andur is the radial unit vector in the spherical coordinates.

Another type of anisotropic scatterer can be found, if we take a vertical tree trunk and carve
a spherical shape out of the center of the trunk. The tree consists of anoutwards expanding set
of layers. This is similar to the onion-like structure of RU-spheres. However, unlike onion layers
these layers do not grow outwards from a point-like kernel. Instead, one can imagine a straight
line shooting vertically upwards across the middle of the tree trunk. This line is the axis of the
cylindrical layers that make up the bulk of the tree. The cylindrical structure elicits material
properties slightly different from the onion-like structure. In the horizontal cross section of the
tree, there are two directions with specific material properties. One is the tangential direction
along the circular arch of each layer. The other is the radial one pointing away from the axis of
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Fig. 1: A systropic sphere. The material of the sphere has three independent parameters:εr, εθ ,
andεϕ . It is sufficient to consider two different electrostatic excitation fieldsEp

⊥ andEp
‖ since the

response to any uniform excitation can be derived from these two.

the cylinders. Because the tree has to withstand its own weight in the vertical direction, it is likely
that the vertical direction also has its own specific material parameter. However, for the sake of
argument, we make the simplifying assumption that the material in the tree is indifferent between
the vertical and radial directions. With that assumption, the material parameters of a sphere carved
out of the trunk can be expressed in the spherical coordinates:

¯̄ε = εϕuϕuϕ + εr(
¯̄I −uϕuϕ) (2)

Hereεϕ is the relative permittivity in the azimuthal direction anduϕ is the azimuthal unit vector.
A structure with these material parameters is called uniaxial [2].

Considering the expression (1) of the material parameters in the onion-like RU-spheres and
the expression (2) of those in the trunk-like uniaxial spheres, it is evident that both of these are
instances of a more general class of objects. In both cases, the permittivitycould be expressed as

¯̄ε = εrurur + εθ uθ uθ + εϕuϕuϕ (3)

The choiceεθ = εϕ reduces the expression to (1) and the choiceεθ = εr reduces it to (2). Because
neither of these equalities necessarily hold, there remain spheres that areneither RU or uniaxial
but still satisfy (3). The fall-between spheres described by (3) are called systropic [3].

2 Analysis

It is necessary to establish some concepts to describe the electrostatic scattering from the systropic
sphere. We assume that the excitation fieldEp is uniform and static. We also assume that the sphere
is embedded in a homogeneous medium with the vacuum permittivityε0. The latter condition can
be assumed without loss of generality because the medium can be scaled by an arbitrary scalar if
the material inside the spherical scatterer is scaled in proportion.

There are two excitation fields to consider. If the excitation field is parallel to the z-axis
Ep

‖ = Epuz, the permittivity componentεϕ becomes essentially irrelevant. The systropic sphere
can be regarded as analogous to RU-sphere in consequence. The perpendicular excitation field
Ep

⊥ = Epux, on the other hand, evokes a response that is characteristic to the systropic sphere.
The direction of the fieldEp

⊥ can be chosen arbitrarily from thexy-plane because the scatterer is
rotationally symmetric. Other uniform excitation fields can be represented as alinear combination
of the two given fields.
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The total field outside the sphere is the sum of the excitation field and the perturbation field
E = Ep +Es. The objective in an electrostatic scattering problem is to solveEs whenEp is given.
Usually it suffices to consider the far-field. Because the far-field of any scatterer resembles a dipole
field Ed the perturbation field is characterized by the dipole momentp of the scatterer

Ed = −∇
p ·ur

4Πε0r2 (4)

We observe that the polarizabilityα defined as

p = ¯̄α ·Ep (5)

describes the essential scattering properties of a scatterer. The presentation describes the process
of solving the polarizability¯̄α of the systropic sphere.
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